In this paper, we propose a method to calculate the exact Taylor series of the scattering matrix in general multiterminal tight-binding systems to arbitrary order N, which allows us to find the Taylor expansion of Landauer conductance in mesoscopic systems. The method is based on the recursive scattering matrix method (RSMM) that permits us to find the scattering matrix of a system from the scattering matrices of its subsystems. Following ideas of automatic differentiation, we determine expressions for the sum, product, inverse, and diagonalization of a matrix Taylor expansion, and use them into the RSMM to find Taylor series of scattering matrices. The method is validated by obtaining the transmission function of atomic chains with site defects and graphene nanoconstrictions. Finally, an analysis of convergence radius and error estimations of these Taylor expansions is presented.
Introduction
In the last decades, advances in the miniaturization of technological devices have reached the mesoscopic scale, where coherence lengths are larger than system size, so interference quantum phenomena must be deeply understood. At zero temperature, electronic conductance ( ) G in these structures can be obtained from the celebrated Landauer formula [1] [2] [3] ,
by means of the transmission function ( ) T evaluated at the Fermi energy ( )
Conductance is strongly dependent on impurities, defects, orderings, and geometries. For example, a Fibonacci sequence of site impurities in a tight-binding atomic chain has a fractal-like conductance spectrum [4] , while a periodic sequence of impurities generates an oscillatory spectrum.
Ordinarily, conductance (1) is calculated using the recursive Green function method.
Also, it can be obtained straightforwardly from the scattering matrix (S-matrix),
In tight-binding Hamiltonians, S-matrices can be efficiently computed using the recursive scattering matrix method (RSMM) [5, 6] . In any case, the conductance is usually solved numerically by evaluating (1) at discrete values of energies.
However, if the set of these energies is not dense enough, details of the conductance spectrum may be missed, nonetheless, an overly dense evaluation may be computationally expensive without revealing new information.
In general, it would be convenient to obtain ( ) TE analytically. Remarkably, this has been achieved in some systems, such as atomic chains with impurities [4, 7, 8] , atomic chains with Fano defects [9] , atomic chains with attached Aharonov-Bohm loops [10] [11] [12] [13] , armchair-type carbon nanotubes with site defects [14] , armchair graphene nanoconstrictions (GNC) [15] , zigzag phosphorene nanoribbons with site defects [16] , molecular wires [17, 18] , graphene nanobubbles [19] , graphene heterojunctions [20] , graphene nanoribbons with defects [21] , and parallel armchair nanotubes [22] . Transparent states have also been analytically demonstrated in atomic chains with impurities following Fibonacci orderings [4] , atomic chains with Fano defects [9] , and disordered nanotapes with Fano defects [8] .
Unfortunately, analytical expressions are not available in general complex structures.
Alternatively, a Taylor series may provide further information about the behavior of conductance in the neighborhood of each energy. By means of perturbation theory, firstorder Taylor expansions of Landauer conductance have been useful to analyze Büttiker probes [23] , transition voltage spectroscopy [24] , inelastic electron tunneling spectra [25] , electromagnetic induced transparency and reflection [13] , and quantum pumping [26] .
These studies could be improved with higher-order Taylor expansions.
In this paper, we explain how to find the order  Taylor series of Landauer conductance in arbitrary tight-binding nanostructures. In section 2, RSMM is briefly described and the method is extended to calculate Taylor expansion of S-matrices with general semi-infinite leads. In section 3, the method is validated in atomic chains with site defects and graphene nanoconstrictions, and the convergence of these Taylor expansions is discussed.
Recursive scattering matrix method (RSMM)
The RSMM allows us to calculate the S-matrix of a tight-binding system in terms of the Smatrices of its subsystems [5, 6] . Examples of these systems are shown in Fig where E is the energy.
For a system A, the projection coefficient of the wavefunction into the -th m site of the -th n coupled chain is 
with ( ) ( )
.
S-matrices are functions of E . Let us assume that A S and B S are given as truncated
Taylor series of order  , Consequently, Eq. (5) allows us to find recursively the S-matrix of tight biding systems as Taylor expansions.
The leads
Within the Landauer formalism, the leads are semi-infinite periodic structures connected to the scattering region. A lead structure is exemplified in Fig. 1 [6] . In the following, we describe briefly this method.
First, we identify a unit structure that builds the semi-infinite lead when the RSMM is applied infinite times, as the one illustrated in Fig. 1(g 
22 , where a is the lattice parameter, the band structure of the infinite crystal can be calculated. Equation (10) can be restated as an ordinary eigenvalue problem only if there are non-zero eigenvalues.
This occurs when the chosen unit structure has the minimum Q [6] . In this case, we may alternatively solve 
It is convenient to normalize eigenvectors of Bloch states so that
. Those with ( ) 
L S corresponds to the first Q lines of the matrix [6] ( )
with
and
In addition to inversion and multiplications of matrices, note that calculation of L S requires to diagonalize matrix Λ in Eq. (11) . Λ can also be expressed as a Taylor series of order  , and following the algorithm in Appendix B, its eigenvalues and eigenvectors can be computed as Taylor series of the same order, which leads us to the Taylor expansion of . L S Lead structures can be glued to scattering regions using the RSMM [5] . In other words, S-matrices of arbitrary systems with general periodic leads can be expressed as Taylor series. Furthermore, the band structure can also be computed from the eigenvalues ( )  as a Taylor series. Finally, since the transmission function is the trace of the product of submatrices of S , Landauer conductance (1) can be computed as a Taylor series too. 
Validation and convergence of Taylor expansions
where 0 E is the expansion center of the series, ( ) the cases pointed by arrows in Fig. 2 . Observe the asymptotic behavior as  is increased, which is explained by a finite radius of convergence. convergence is limited to segments that contain only a fraction of oscillation in T . Dashed circles in Fig. 3(b) are plotted with radii equal to the asymptotic values of E  for each expansion center in Fig. 2(b) . Their perimeter touches the poles, showing that the limiting behavior of E  gives a good estimation of the radius of convergence.
Conclusions
In this paper, we proposed a novel method to obtain arbitrary order Taylor series of scattering matrices and of Landauer conductance. It is based on the recursive scattering matrix method (RSMM), that allows us to calculate the scattering matrix of general multiterminal tight binding structures with arbitrary periodic leads. Calculation of the Taylor series is fully integrated within the recursive method, facilitating its implementation.
The method was validated in atomic chains with site defects and graphene could be employed to find the chemical potential such that the total current through each probe is zero [23] .
Finally, we believe the Taylor series may be employed to determine the position of the poles, which could lead to a semi-analytical expression for the Landauer conductance. This study is currently under development. It is important to mention that eigenvectors (B.3) are non-normalized, and their normalization coefficient must also be found as a Taylor series. 
